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The “barring” operation is the multiplication by
8(u— k-v) and application of J/"dv. The contour C is a
line from — o to - « an infinitesimal distance below
the real axis. This notation agrees essentially with that
introduced by Guernsey. The algebra used to arrive
at (A1) and (A2) is tedious but straightforward.
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A systematic study of the absorption of electromagnetic waves in a quantum (classical) plasma is given,
for waves whose frequencies are high compared to the collision frequency and whose wavelengths are long
compared to the Bohr (Debye) radius. The treatment rests on the introduction of the temperature-dependent
Green’s function and Kubo’s formula for the conductivity. An exact expression for the conductivity is ob-
tained for a quantum plasma, which in its classical limit is in complete agreement with Dawson and Oberman,
and with Oberman, Ron, and Dawson. The special case is treated of a quantum system of electrons in the

presence of fixed ion scatterers.

I. INTRODUCTION

ECENTLY some calculations of the absorption of
electromagnetic waves in a plasma have been
given. The absorption in classical plasmas has been
treated with an elementary model by Dawson and
Oberman! and by Oberman, Ron and Dawson? via the
Liouville hierarchy. The latter work gives a complete
classical derivation of the high-frequency conductivity
of a plasma taking into account properly collective ef-
fects. Another approach to the classical problem has
been given by Perel and Eliashberg? who begin with a
quantum-mechanical diagram technique, but pass to
the classical limit, before obtaining any results. Their
procedure from the beginning is asymmetrical in the

* This work was accomplished under the auspices of the U. S.
Atomic Energy Commission.

1 On leave of absence from Technion; IIT, Haifa, Israel.

17, Dawson and C. Oberman, Phys. Fluids 5, 517 (1962).

2 C. Oberman, A. Ron and J. Dawson, Phys. Fluids 5, 1514

1962).

¢ 3 V.) I. Perel and G. M. Eliashberg, Zh. Eksperim. i Teor. Iiz.
41, 886 (1961) [translation: Soviet Phys.—JETP 14, 633 (1962)].
(Hereafter referred to as PE.)

treatment of ions and electrons (they include the ions
only in the dielectric function and neglect their direct
contribution to the current). Their further limiting pro-
cedure in letting the ion mass become infinite is ambigu-
ous, and it is not clear from their article to what degree
of ion correlation their result is to apply. (See Discus-
sion.) A similar approach to the same problem has been
given recently by DuBois, Gilinksy, and Kivelson.
Their results disagree with those of references 1 and 2
and, hence, with those of the present work, and we be-
lieve because of the nonsystematic omission of a certain
class of diagrams. Note added in proof. At the present
authors’ suggestion this omission has been corrected and
the results incorporated in their published version [ Phys.
Rev. 129, 2376 (1963)].

The purpose of the present paper is to study the ab-
sorption problem in otk classical and quantum plasmas.
Perel and Eliashberg? study the problem beginning with

4D. F. Dubois, V. Gilinsky, and M. G. Kivelson, Phys. Rev.
Letters 8, 419 (1962). AEC Report, RM-3224-AEC, 1962 (un-
published). We are indebted to these authors for sending us a
copy of their work before publication.
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Kubo’s’ expression for the conductivity in terms of the
autocorrelation function of the current operators and
then use the temperature-dependent Green’s function
method ; however, we generalized their treatment to a
full quantum plasma (not only the semiclassical limit)
of multispecie systems. We obtain the leading asymp-
totic contribution to the complex conductivity in a
quantum (classical) plasma, when the number of par-
ticles in the Bohr (Debye) sphere is large, the frequency
is higher than the collision frequency, and the wave-
length of the incident field is larger than the Bohr
(Debye) radius. Furthermore, this expression for the
conductivity is valid for all temperatures, and is in
complete agreement with the classical results of refer-
ences (1) and (2).

Section IT deals with the well-known relation between
Kubo’s formula for the conductivity and the tempera-
ture-dependent Green’s function. We employ the dia-
gram technique of Luttinger and Ward® in Sec. III to
obtain our general result for the absorption coefficient.
In Sec. IV we discuss some special cases, namely the
classical multispecie system, a semiclassical hydrogenic
plasma with infinitly heavy ions (taking into account
their thermal equilibrium correlations), and a quantum
plasma with random distributed fixed ions (impurity
scatterers). We conclude our paper, Sec. V, with a
brief discussion of the results.

II. GENERAL FORMULATION OF THE PROBLEM

We start from the general expression of the conduc-
tivity for a system of charged particles as given by
Kubo*

1 00
a,.,,(k,w)=—-/ dr ei”
VJo s
% / NGk, 7—itN) (=K, O)), (1)
0

where k and w are the wave vector and the frequency of
the electromagnetic wave,

3 ()= 1% ( 0)eia1 ©)

is the Fourier transform of the current operator in the
Heisenberg representation, and the average of an oper-
ator o is given by

(0): Tr{eﬁ(n‘I—Za IlaNa—H)o}. (3)

In Egs. (2) and (3), H represents the total Hamiltonian
of the system, Q, is defined by

eBl= Tr{eﬂ(zl MaNa—H)}, (4)

where p, and N, are, respectively, the chemical potential
and the number operator of the s species in the system,
and § the inverse of the temperature in energy units.

§ R. Kubo, J. Phys. Soc. Japan 12, 570 (1957).
6 J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417 (1960).
(Hereafter referred to as LW.)

We use the following convention for the Fourier
transforms:

( - /d L5 i 5
fX, _27r w_I;Zk:e f( Jw) ()

and

F(kw)= / i / dx eiovrikxf(x f).

In order to render Eq. (1) in a more convenient form
we integrate it by parts and obtain

T (k0) = 0, (kyw) 0, (kyo), (6)

where

11 B
0 ()= —— — / NG, —iN) (=K, 0))
wV 0

1
=i— > wl=0o(w). Q)

4w s

ws?=4men;/msis the plasma frequency, e, is the charge,
n, is the average particle density and m, is the particle
mass of the s species, and

11 p
7@ (kw)=—— / dr e[ ju(k,7), 5,(=k, 0)]). (8)
w V Jo

In Eq. (8) [, ] denotes the commutator.

In order to facilitate the temperature-dependent
Green’s function formalism” we define a function

1 >~ do
Y, ()=~ /
hJ_

’
oW —2

(1_ —hm,ﬁ)éﬁw(k:w’), (9)

which is analytic in the entire z plan, except for a cut on
the real axis. ®,,(k,w) is real and given by

1
q)uv(k;w)='l7 Z exp[ﬂ(ﬂ+zs ﬂst(m'—Eﬂ):l

X(n| ju(k,0) |m)m| j,(—k, 0)|n)

E.—E,
X&(w— Py ), (10)

where m and » represent eigenstates of the Hamiltonian
and the number operator, with

H{n)=Ea|n), Ni|n)=N."|n), (11)

and N, =N, in Eq. (10) due to the fact that j
commutes with the number operator. If we represent
explicitly the average in Eq. (8) as a sum over states
[see Eq. (10)7] and use the fact that N, =N,™ we

7 A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshinsky, Zh.
Eksperim. i Teor. Fiz. 36, 900 (1959) [translation: Soviet Phys.—
JETP 9, 636 (1959)]. Many other references can be found in
reference 6.
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obtain

1
Opy (k)w) = —.—YM 1‘+ (k,w),

1w

(12)

where for any function f(z) in the complex z plane, we
denote by

fE@)= lim f(2)

z—owkie

e— +0. (13)

In order to obtain the function ¥ (k,s) of Eq. (8)
we define a Green’s function

1

where T is the Dyson ordering operator and
j (k)= e (k,0)e—H. (15)

By expressing our Green’s function M (k,x) in terms of
the sum over states, as in Eq. (10), one easily convinces
himself that M (k,u) is a periodic function in u,

M,w(k; u+,3) = MMV(k,u)’

Thus, its “Fourier transform” with respect to #,

]
M (k)= / du ereis ), (k)
0

n=0, =1, 42, ---, (16)
enjoys the property
(k)lf o e ew). (17)
Moen)=— | — (1= ), (ko). (1
* nl) o —i2an/ph *

If we now compare Egs. (17) and (9) we realize that
VY (k,z) is the analytical continuation of M (k,z) from
the infinite set of points i2w#/%#8 (n>0) on the positive
imaginary axis of z to the entire upper half-plane of z.
In conclusion we see that our problem reduces to the
calculation of M (k,z) which will be evaluated using the
well-known Green’s function diagram technique.

III. EVALUATION OF THE ABSORPTION
COEFFICIENT

We turn now to the calculation of M (k,%) using per-
turbation expansion, and then resumming all diagrams
(terms) which contribute to the conductivity for quan-
tum (classical) plasma, when the number of particles
in the Bohr (Debye) sphere is large, the frequency is
high compared to the collision frequency, and the wave-
length of the incident field is large compared to the Bohr
(Debye) radius. Thus, in resumming the diagrams
(terms) of the perturbation expansion, we consider
processes proportional to the number of particles, N,
as finite and include them to all orders while those pro-
cesses which are not proportional to V are treated as

small. This point has been discussed in detail by
Balescu.?

We write now our Green’s function in the second
quantization formalism in the interaction representa-
tion as

#? sy
M, (ku)=— > > ?#PV<U(/3)>0—1
V s mamg p.p’
X{T{@prsst (5,0) p—1s2(s,)
Xay x5t (s",0)ap41/2(",0)U (8)} o,

where use has been made of the second quantization
representation of the current operator

(18)

0= 2 % pagisitapnls).  (19)

8 Ms p

The symbol ( )y corresponds to the average defined in
Eq. (3) for noninteracting particles,

U(ﬁ)=exp<‘ —/B dqu(u)}, (20)
and ’
1 4
Hy =EI7 >; » § €ses’ E} Apricst () @y —iesat(s7)
Xay iz (s)ap-is2(s).  (21)

Fi1c. 1. The class of diagrams which contribute to
the high-frequency conductivity.

8 R. Balescu, Phys. Fluids 4, 94 (1961). Many references con-
cerning quantum and classical plasmas can be found there.
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The basic rules for the perturbation expansion of
M (k,n) are given by Luttinger and Ward.® We use their
diagram technique and indicate by a solid line with
labels s, p, and ¢; the s-species free-particle propagator
of wave vector p and “energy” {; (we restrict ourself to
fermions only)

Gp(§1,9) =[C1(5)— ep(s) T,

1
§l(s)=i1r(21+1)é+us; 1=0, 1, £2, ..,

h?PZ
€p (S) = Zm,;,

(22)

and by dotted line the interaction 4m/k2. To each vertex
we assign a charge e, given by the s label of the particle.

In the high-frequency long-wavelength region we
take into account a generalized version of the diagrams
considered by Perel and Eliashberg.? Our generalization
corresponds to considering all species in equivalent
manner, see Fig. 1. The wavy line represents the effec-
tive potential shown in Fig. 2 and it is given by

A Ar 1 1
U (on)=U(gom)=—+—2 e>— 2 -
¢ ¢s Vp

XZ; G2 (Crtam, $)Gpq (1,5 Uqlan), (23)

where ap=12rm(1/8), m=0, £1, &2, ---. We can
now cast Eq. (23) into the form

4 4 1
Ve =] 1= E eifams) |, )
q g -

q, Op
3
L q
Fic. 2. The inte- Cz 27
gral equation for the S C
effective interaction. ,l* Un
L q0m  q0n S
VWA e T
FIG. 2
where
1 1
Qq(am:s)z‘_ PIEDS Gp+q/2(§'l+0‘m: S)Gp—q/‘l(g'lys)
Vo1
(25)
1 /d Nptas2(8)—Np_qa(s)
= p
(2m)? epta/2(8) — €p—q/2(85) —atm
and
ny(s)=[ePer—Frat-171, (26)

is the Fermi distribution of the s species.

We now calculate the contribution of the diagrams,
given in Fig. 1 for the case k=0. We assert that these
are the leading asymptotic terms for long wavelength.
Using the prescription of Luttinger and Ward® for the
many species system under consideration we obtain

72 eses’

Mltll(wn)EM’-“’(k:O, wn)=_l; Z Z Pﬂpﬂ,

8,8’ MM’ pip’

b
XZ KPP' ® (wms,s,); (27)

=1

where K, (wn,s,s") corresponds to the 7th diagram of
Fig. 1

11 1
Kpp’ S (‘*’n,S,S,) = 3“'882;5 Z Up—p’ (QM)Z")’ Z Gp(fl,s)Gp(§l+wn; S)Gp’<§l+wn+am7 S)Gp' (§.1+am, S);
m l

1 1 1
Kpp’ (2)(°’n75;5')= ass"spp'e-g; Z B Z U, (‘Jim)z3 Zl [Gp (flys)szp—q(fl—am, S)Gp(g‘l_wn, 3);
q m

1 1
Ky ® (wn,s,5")= 638,6”@82—; > E Zz U 4 (am)[Go(¢1,8) PGprq (§1Fam, $)Gp (S0, 5),
q 32 m,

1 1 1
Kpp’<4) (wnjs,s/) = ey — Z g Z Uq (am) Uq(am_wn)é Z Gp(gdl;s)Gp(fl_wm S)
q m l

V2

(28)

1
XGyp—q (fl_am; 3)5 ; Gy (?l’:sl)Gp' (fz'—w,., s’)Gp’—q (g'l""am, s,

1 _1_ 1
Kpp’(s) (wn,S,Sl) =ele— Z - Z Uq(am) Uq(am_“’")_ Z GP (g‘l’s)
vz ﬂ m /3 q

1
XGy(§1—wn, $)Gp—q(§1—0m, S)B ; Gy ($v,8)Gp (St wny §)Gpriq(Crtam, §7).
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We now carry out the summation over / and / by
converting the sums into integrals (see LWS¢). After
considerable manipulations (see an example in Ap-
pendix A) we obtain

1 dq
Ml.w( n)— _—/ (2 )3 qud» Z, 3326312

Cs €3 (7%
X_<_-_ )Fq(wn:s)sl)y (29)

ms\ms Mg
where
ﬁZ
Fq (wmsis’) =" Z Uq (am) Uq (am+wn)
wiB m

X [Qq (amt0n, $)—Qq(an,s)]
X[Qq (amtwn, $")— Qqlams’)]. (30)

Equations (29) and (30) are then our generalization of
Eq. (15) of PE to a system of arbitrary number of
species. We wish to point out that without this generali-
zation one would be led to the incorrect result of PE,
for finite-mass ratio [see PE Egs. (19)-(22)]. It is
easily seen that in Eq. (29) the sum over s’ runs only on
species different from s. This indicates that for a system
of one species (with smeared-out background) the real
part of the absorbtion coefficient vanishes and the
imaginary part is given by Eq. (7) only.

Equations (29) and (30) are not suitable for the
analytical continuation to the upper z half-plane. In
order to perform the continuation one has first to evalu-
ate the summation over m. We adopt essentially a
method developed by PE to carry out this summation
and for the benefit of the readeritis givenin Appendix B.
We now use Eq. (B8) and analytically continued Eq.
(30) to obtain

1P
Fqt(w,s,s’ )-——2—‘/dx H@){U () U gt @+ h0)[Qqt (x+hw, s)— Qg+ (2,9) ILO 4+ (x+iw, s")—Qgt (%,5)]

o? i
In Eq. (30) we denote by P the principal value,

and

— Uq_ (x) Ugt (x+flw)[Qq+ (x+ﬁw, S) - Qq_ (x,s)][Qq_'- (x‘l"hw; 5’) - Qq— (x)sl):]} ' (30)
H(x)=[3’h— 1]—-1, (31)
Mpta/2(5) —p—qsa(s) (32)

1
+ =
Qq*(x,s) (2n)’ /dp

€prqs2(s) — €p—q2(s) —xFie

U ~(x) is determined by Eq. (24), replacing Q,(am,s) by Q% (%,s).
Now we make use of Eqgs. (7), (12), (29), (30), and (31) to obtain our final result for the complex conductivity.

o(w)= ao(w)—l—z— > eles?

wss’

(m: 11:3,)(27,-)3 / qq / dafefr—171

X{U & (@)Ut (a+70)[QqF (x-+Hw, 5)— Qqt (2,9) [0 (7w, s")— Q" (x,5") ]

— U @)U (@+h0)[Qgt v+, $)— Qg™ (#,5) L (w71, ) — Q4 (x,5) 1}

In the last equation use has been made of the fact that
Q, depends only on the absolute value of ¢, and that
0,y (0)=08,,0(w). This result is rather complicated but in
principle can be evaluated analytically or numerically
for specific problems. It is clear that the result is appli-
cable for both classical and quantum plasmas for any
mass ratio of the species of the system, and for tempera-
tures, where the average potential energy of interaction
per particle is smaller than the average kinetic energy.

IV. SPECIAL CASES

In this section we discuss some interesting special
cases where Eq. (33) can be cast in simpler forms.

A. Classical Plasmas

We divide our classical result into two kinds: (i)
strictly classical and (ii) semiclassical. By strictly
classical we understand results which are independent

(33)

of %, and by semiclassical we understand inclusion of
some /-dependent terms which can prevent in some
specific situations the divergences caused by large-angle
collisions.

In order to obtain the strictly classical limit of Eq.
(33) we first make the transformation = Aug, and then
Q4% (u,5) becomes

qu (M,S) =

s
= —n B[ 1+ufEw)].

In Eq. (34) use has been made of the following
transformations

Mg /dv q (G/BV)fo(V,S)
q-v—quTFie
(34)

p—> msv/h,
2nh /2 afo (V,S)
Nprq/2(5) —1p—q/2(s) — ( ) ns—(q- ,  (35)
Mg M av
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where now fo(v,s) is the Maxwell distribution for the s and thus

species, and

4
+ d 36 U “‘(u)—)— (38)
JHw= / uu —M:F’Le (36) ¢ p(q,u)
with f,(#) the one-dimensional distribution. We also In the classical limit
introduce the classical dielectric constant
[H(x)] = é=—1= f*»—1 — Bohu. (39
plgu) =1+ f (- 1)— ——fs(u') 37)
U —u—ie s Thus,
(@) =00(w)+i Z 2K<a € 1 ‘Imade ° du 1
g(w)=0¢(w zw Z esWs - 8,)(2‘”_)3/0 q2m’ o plg, utw)
{ L )l T ) o )= 0]
P g%
L(utw) fot (utw) —ufe () JL(utw) fot (utw)—ufo—(u) 1. (40)

ot gu)
Equation (40) is a trivial generalization of the result given by Oberman ef al.? for any number of species. In Eq. (40)
K2=A4mweln,B (41)

is the square of the reciprocal of the Debye radius for the s species, gmax is the cutoff,? and w=w/g. A further simpli-
fication of Eq. (40) can be achieved by the following procedure. The first part of the integral of Eq. (40) is analytic
in the entire upper half-plane except a pole at #=0 and can be, therefore, integrated easily. In the second part of

the integrand we make the transformation

1

w.p*(gu)p (g, ut) 1

(wtw) fot (utw) (utw) fo (utw)—ufo (u) ] -

ufe (W (utw) fot (utw)—uf™(w)],

utw p* (q:u)P (q) u-i-w)

to obtain

es:\ 1

4 s
o(w)=09 (w)-l—z—— > ewlK, 2(
s

w3 8,8’

2 Y (q:w)

which can be easily identified with Eq. (54) of Oberman
et al? for the hydrogenic plasma, and thus we are in
complete agreement with their results.

We now turn to a brief discussion of the semiclassical
case. Here Q% of Eq. (34) is replaced by

Qq:t(u,s):e—qums)maf f JVM, 43)

q-v—quTFie

where in the passage to the classical limit of %, 42(s)
of Eq. (35) we keep in the exponential the 4%g® term.
The persistence of this term would lead to an inclusion
of a weighting function of the type e=#<’%/5m in the inte-
grands of Egs. (40) and (42). For the specific case of

9 L. Spitzer, Jr., Physics of Fully Ionized Gases (Interscience
Publishers, Inc., New York, 1956), p. 76.

w
d
ms,/avr)zf )
I+ 8_
X{w————f (). (W)—p(q, 0)— / )

2w

[fot(utw)  fo(u) .
*gwplg, utw)l o :”’ (42)

hydrogenic plasma with infinite ion mass we obtain!®

2 ¢ 2+ K2
o (w)=09(w) [ 1— dq Bl
37 mw? ¢+2K?

X[qLiKz—quzq,w)]}, (4

where m and e stand for the electron mass and charge,
K? is given by Eq. (44) and D(g,w) is the dielectric
constant given in Eq. (37) for system of electrons only.
We wish to point out that for the real part of ¢(w) the
integral over ¢ diverges logarithmically in the strictly
classical case, and therefore, a cutoff gmax= (¢*3)'is in-

10 This equation agrees in the strictly classical case (#=0) with
Egs. (58) and (59) of reference 2.
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troduced (see discussion of this point in reference 9).
In the semiclassical case although the integral con-
verges, the inclusion of large-angle collisions may render
another effective cutoff to be invoked for essentially
smaller values of ¢. Equation (44), as it stands, is rigor-
ously valid when the Born approximation for electron-
ion scattering is valid, namely, when AT=1/8«<1
Rydberg.

B. Quantum Plasmas

The general expression for the high-frequency conduc-
tivity for quantum systems is given by Eq. (33). In
this section we restrict ourself to a specific problem of
ion-electron quantum plasma where the ions are ran-
domly distributed fixed scatterers. This treatment may
find its application in some solid-state problems, which
we intend to discuss in a future communication.

We rewrite Eq. (33) for the case of an ion-electron
system, where all the terms which depend explicitly
on the inverse ion mass are omitted,

8 ¢f P
o(w)=aq(w)+i:3—3—/dq—

w? m? 21
1
X/dx(eﬂ”-— e
e(q, x+hw)

8 { e(ql,x)

X [Q~q+ (2, i) — Qq+ @]

(O (x+7w) — Qg (x) ]

L0t (x4-710) — Qg™ (%) ]

*(q, )
X[@q+(x+hw)_aq—(x)] . (45)
Here
4r ~
lg®)=1-—¢[Q @+0r @] ()
q

stands for the usual retarded dielectric constant of the
ion-electron system and Q.(x) and (,(x) represent,
respectively, the electron and ion Q’s of Eq. (32).

In order to carry out the limit of fixed-ion scatterers
we treat the ions classically, namely, we replace the
Q’s by their classical representation, Eq. (34), and then
prescribe for the ions

fiE(u)=

1
— P——imd (u) 47

[namely, substitute f;(#)=8(x) in Eq. (36) ]. One should
notice now that in this limit

4qre?
e(gx) = P(g#)=1———Qq" (@), (48)
q

while
(= D0 (o) — Q)] — imnd(a),  (49)

where # is the average electron or ion density. Thus, we

obtain )= 0.(0)
()= ao(w)—H,—— ¢ () Qs

5 m? P(q,O)P(q,ﬁw)
2 2
~ao(w>[1—§;m—wz<w>] (50)
where
Qq (O) = %[Qq-‘- (O) ’*‘Qq_(o)];
and . .
I(w)= [ dgq . 51
@) / qq(P(q,O) P(g,hw)) GL)

This result is similar in its form to the classical result
obtained by Dawson and Oberman.!

V. DISCUSSION

In this paper we have derived a general expression of
the absorption coefficient of electromagnetic waves in
quantum and classical plasma. Our result, Eq. (33), is
valid for multispecies systems of charged particles. With
the restriction to applied fields of high-frequency and
long wavelength, we have properly accounted for col-
lective effects. We contend that these results represent
the most complete and systematic expression for the
conductivity [hence, immediately for the absorption
coefficient of plasmas, see reference 17]. The classical
limit of our result is in complete agreement with the
previous results of references 1 and 2 and we refer the
reader to these papers for further discussion of the clas-
sical case. An interesting new result is our expression
for the conductivity of a quantum system of electrons
in the presence of heavy scatterers as given by Eq. (51).
We reserve the discussion of this result and its possible
implication for solid-state systems to subsequent
publication.

In comparing our classical and semiclassical results
with those of PE? we conclude that their results for
finite ratio of the electron-ion mass [see Eqs. (19)-(22)
of reference 3] are incorrect but that their final result for
infinitely heavy ions [PE Eq. (24)] can be cast into our
result given by Eq. (44) [see reference 2, Appendix B for
the evaluation of the integrals given in PE Eq. (24)7].
However, there is a point which we would like to clarify
as much as we can, that is, in principle, we disagree with
the result of PE. PE have performed their mass-limiting
procedure in several stages. From the beginning, up to
Eq. (22) of their paper, they have neglected all terms
explicitly proportional to the mass ratio ; this amounts to
the direct contribution of the ions to the current. From
this point on one must be extremely cautious and realize,
especially in performing velocity integrals, that the
mass ratio is not the only quantity which can be small
in the problem. If the mass ratio is considered small but



INTERACTION OF ELECTROMAGNETIC WAVES 19

finite then all integrals must be performed first and then
the limit taken. If this course is followed one obtains
results different from PE, see reference 2, Eq. (71). It
seems to us that this is the course that PE thought they
pursued but, in fact, did not. The result they do obtain
is that for a plasma model in which massive ions are
thrown into an electron plasma, not at random, but
respecting the thermal-equilibrium Debye correlation
for finite temperature, but having no dynamics. This
result can be obtained by doing the mass ratio limit
first, and then performing velocity integrals, as was
shown in the classical treatment in reference 2, and in
the present work.

A comparison of our classical results with the results
of Dubois, Gilinsky and Kivelson as given in their
letter® is difficult to make. However, from a study of
their more complete report? [see Eq. (6.20) of the re-
port ] we are led to the conclusion, in agreement with
references 1 and 2, that their result is incorrect. This is
probably due to their omission of an important class of
diagrams.
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APPENDIX A.

We wish to represent here an example of the calcula-
tion of one diagram of Fig. 1, namely diagrams 1-4. To
calculate the contribution of this diagram to M,,(w.)
we first substitute! K of Eq. (28) into Eq. (27) and re-
place G, by its representation, Eq. (22);

72 esles’ 1
le(4) (wn)z- Z I Z Pu?ﬂ’ 2 - Z Uq(am)
V3 5,8 mams piv’ a3 m
XU g (0tm—wn) Lp(0tmywn,) Ly (0tmywn,5"), (A1)
where
L ) 12 1 1
QyWyS) =—
’ BT 11(9)— ep(s) £2(s) —wn— ep(5)
(A2)

X .
C1(8) —am— €p_q(5)

Now to perform the summation we replace {; by ¢ (see
LW) and write L, as an integral along a path C given in
Fig. 3

1
Ly (atmywn,s) =— / di [efGm0417
c

e

§—ep(s)

1
(A3)

§—wn—€p(s) —0m— ep-—q(s).

Im{ F—P—Hf

€.+ W

p*%n
| @
| “+—1=3
Fic. 3. The con- | x::i;? €

tour of integration ——= == |- — _@E_.
used in Eq. (A3). ’ 48 Re §

|2 X

] ep-qmm )

|

This integral can be evaluated by Cauchy’s theorem
to give
Ly (0mywn,s)
= [ w10 ] [—am— - o(5)+ e(5)]
+ [eﬁ[fp(s)'f“wn—,“s] + 1]’1[(0 n]_l
X [wn_am_ fp«q(3)+ fp(s)]_l
+ Eeﬁ[fp—q (8)tam—ps]l |- 1]—1
X [_wn+am+ €p— q(S)'l‘ép (S) ]_1

X[om— epq(s)+e(s) ] (A4)
If we now realize that
eﬁwn: eBam: e2T = 1,
and use the definition of Eq. (26), we get
1
Ly (0tmynys) =—[1p—q(s)—15(s)]
Wn
X{[oam—wn— €p(s)+ €—q(s) ]!
—[an—ep(s)— ()17}, (AS)
and thus
#2 elesd 1 1
M@ (wn)=— /dq— 2. Uglom)
w,ﬁ 8,8 M Mg (21!')3 ﬁ m
X Ul}(am_w'n)RM (Olm,wn,s)Ry(am,wn,s). (A6)
and .
_ 1
R, (am,wn,s} = (2’”)3 /dp (?#+2Qu)
X[Hprq/2(5)—np_q/2(s)]
X[ (an—wn—A)"— (@n—A)1], (A7)
where

A= epyq/2(5)— €p—q/2(5),

and V13, was replaced by 1/(2x)3fdq. If we use
Eq. (25) we obtain

R, (0tmyny8) = 5qu[ Qg (@m—wn, $)—Qqlam,s) ], (A8)
and finally
1 # esles® 1 1
M ® () =— — / aq gug— 2 Uqglam)
4 w2 28 mmg (2r)3 B m

X Uq(am_"“’n)[Qq(am_wn: S)"'Qq(am,s):]
X[Qqlam—wn, ') —Qqlam,s’)].  (A9)
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APPENDIX B.

In this Appendix we wish to describe briefly PE’s
method of evaluating the sum

1
f(wﬂ)”—‘é Z ‘p(am)‘P(am"l'wﬂ)
an=12mm/B8 m=0, £1, £2, ---

wp=12am/B n=1,23 -, (B1)
where ¢ () and ¥ (a,,) are either our Q,(am) or U, (am).
Define ¢F() and y%(a) as the analytical continuation
of o(am) and ¥(an), respectively, to the upper hali-
plane, and ¢4(a), ¥4(a) to the lower half-plane. It is
easily seen that if at least one of the functions ¢ or ¢
coincide with Q the analytical continuation of ¢y goes
to zero at infinity at least as a~2; and both

¢R(@) for Ima>0
ole)=]
o4(@) for Ima<O
and
YE(@) for Ima>0
va=|
Y4(@) for Ima<O, (B2)
have a cut along the real axis of a.
Rea

1
@ ==ty ra:x-w,,+ie]

hrd ta=x-wn-ie

|

Fi6. 4. The contour of integration used in Eq. (B4).

If we introduce the function
H(a)=(efr—1)"1 (B3)

which has poles at the points an=¢27m/B, and the con-
tour C in the « plane (see Fig. 4), we are able to repre-
sent f(ws) as

1
flwn)= o do H (@) ¢(e)¥ (atwn)

T J ¢

1
XE[sO(O)xb(wn)-l-<p(—wn)¢(0)]~ (B4

To proceed we carry out the integration of (B4), noticing
that the large circle does not contribute to the integral,
and that the integrals along the small semicircles around
a=0 and a= —w, just cancel the last term on the right-
hand side of Eq. (B4). Thus, we get

P 00
f(“’n)=;i ‘/;w dx |
XH@){[ " (x+ie)— pA(x—ie) WF (x+wna)
+ ot (x—wn)[YE (x+ie) —¢A(x—ie) 1},

where P stands for the principal value and e— Ot. If
we now take into account the fact that « is real and w,
is imaginary we easily establish the relation

A (x—wn)= oF(x+wa), (BO)

and with Eq. (B2) and the definition of Eq. (13), we
obtain

(BS)

P
flod=— / dx H@)H{[ o+ ) — o~ (@) W2 (o-h0r)
R (e o)V (@) —v-@) -

Equation (B7) is our required result and it can be gener-
alized to any combination of Q’s and U’s provided that
at least one Q is present.

It is now easy to continue f(wn) to the upper half-
plane of w and to get finally

(B7)

P
Sy = / dx H3)(Lo () — ¢~ () W (o)

27t
' F ot @) ()~ @) (BS)



